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A non-linear analysis is presented for the stability of a liquid film adjacent to a
compressible gas and under the influence of a body force directed either outward
from or toward the liquid. The effects of the liquid’s surface tension are taken
into account. The non-linear Rayleigh-Taylor instability is included as a special
case. The analysis considers the case of an inviscid liquid adjacent to & subsonic
flow and the case of a very viscous liquid adjacent to a subsonic or a supersonic
flow. For a subsonic external flow, it is found that the cut-off wave-number is
amplitude dependent in the inviscid case whereas it is amplitude independent
in the viscous case. It is found that the non-linear motion of the gas may be
stabilizing or destabilizing, whereas the non-linear motion of the liquid is found to
be stabilizing in the viscous case. For a supersonic external flow and a viscous
liquid, the cut-off wave-number is amplitude dependent. Moreover, unstable
disturbances with wave-numbers near the cut-off wave-number do not grow
indefinitely with time but achieve a steady-state amplitude.

1. Introduction

The instability of the interface of two superimposed fluids with different
densities has been studied extensively. In the absence of convective instabilities,
there are three principal instability mechanisms, namely, (a) gravity (Rayleigh
1883; Taylor 1950), (b) pressure perturbation or Kelvin-Helmholtz instability
(Chandrasekhar 1961; Chang & Russell 1965), and (c) shear perturbation (Craik
1966; Benjamin 1959; Miles 1962). In this paper we are concerned only with the
first two.

In the absence of an external gas, the instability is provided by body forces
acting outward from the liquid layer. In this case, the effect of surface tension is
to stabilize the motion for wave-numbers greater than a cut-off wave-number £,
while the effects of viscosity and finite depth are to reduce the amplification
rate of unstable modes and cannot, by themselves, stabilize these modes. The
effect of non-linearity was shown by Nayfeh (1969) to be destabilizing because
both the amplification rate and the cut-off wave-number increase as the dis-
turbance amplitude increases.

The addition of an external gas allows perturbations in the stresses exerted
by the gas on the interface due to the appearance of waves. The essence of the
Kelvin—-Helmholtz mechanism is that the pressure perturbation exerted by the
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gas does work on the interface. The amount of work done depends on the magni-
tude and phasing of the pressure with respect to the wave. This phasing depends
on whether the external gas is viscous or inviscid, laminar or turbulent, and
whether it is incompressible, subsonic or supersonic. If the external gas is
inviscid and subsonic (including incompressible), lowing parallel to the undis-
turbed surface with a uniform mean velocity, the pressure perturbation is 180°
out of phase with the surface amplitude. In this case, the gas pushes down at the
troughs of the wave and sucks at the crests of the wave, thereby feeding energy
to the disturbance in the liquid layer. On the other hand, if the external gas
flow is non-uniform, the pressure disturbances lag the wave by less than 180°,
Consequently, the axial component of the pressure perturbation can do work
on the wave (Miles 1957). A different situation arises if the external flow is
supersonic. In this case, the pressure perturbation is in phase with the wave
slope, giving rise to maximum energy transfer from the gas to the liquid through
supersonic drag. Chang & Russell (1965), and Willson & Chang (1967) found
instability at all wave-numbers in the inviscid limit for supersonic flow with a
uniform mean velocity parallel to the undisturbed surface, even in the presence
of surface tension. However, they showed that the introduction of viscosity
gives a cut-off wave-number above which disturbances are stable.

The purpose of the present paper is to study the combined effect of pressure
perturbations and body forces on the non-linear stability of finite-depth liquid
layers, taking surface tension into account. One surface of the liquid is taken to
be adjacent to a solid body, while the second surface is taken to be adjacent to
a subsonic or supersonic inviscid gas stream flowing parallel to the solid surface.
Hence, the effects of shear perturbations and non-uniform velocity profiles will
not be considered. The liquid motion is assumed also to be two-dimensional and
initially quiescent. Subsequent to the submittal of this paper, Drazin (1970)
analyzed the non-linear Kelvin-Helmholtz instability of two parallel horizontal
streams of inviscid incompressible fluids.

2. Case of inviscid liquid and inviscid subsonic gas

We assume that the motions of both the liquid and the gas are represented
by potential functions, and we consider a standing or travelling sinusoidal dis-
turbance with amplitude @ and wave-number %'. Distances and time are made
dimensionless using 1/k’ and (g&’)~%, respectively, where g is the body force
normal to the undisturbed gas/liquid interface and directed from the liquid to
the gas. The gas density, p,, is assumed to be very small compared to that of the
liquid, p, so that the gas body force can be neglected. The transient motion of
the gas is neglected because the gas velocity, U, is much larger than the wave
velocity for the cases we consider.

A Cartesian co-ordinate system is introduced such that the x and y axes are
in and normal to the undisturbed liquid/gas interface. The potential functions
representing the motion of the liquid and the gas are taken to be

gtk ~do(2,y,1), Ujlz+ @z, y, )] /K,
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where the dimensionless functions, ¢ and @ satisfy

V=0, —-h<y<ny (2.1)
and (see Van Dyke 1964)

q)yy+m2(p _Mz[‘% ) (20 +q):%+(pz)(q)zx+¢)yy)+(2¢)z+q)§:) D,
+2(1+9,) q)y q)xy'i‘q)zq)yy] (n<y<o) (22)

for —oo < x < 0, where % is the depth of the liquid layer, 5(x, t) is the elevation
of the wave above the undisturbed interface, M is the gas Mach number, and

m?=1-—M?2

At the solid/liquid interface, the normal velocity vanishes, i.e.

(@, —h,t) = 0. (2.3)
Since @, vanishes away from the liquid surface,
D, (x,00,t) = 0. (2.4)

At the liquid/gas interface, the normal components of the gas and the liquid
velocities are equal to each other and to the normal velocity of the interface
itself, i.e.

Net Py = P, at y=m1, (2.5)
-0, =~9,0, at y=71. (2.6)

Moreover, the balance of normal forces on this interface gives
==+ 3ei+95) = k(1 +92) ¥ —§mkxC, at y=h, (2.7)

where C,, is the pressure perturbation coefficient exerted by the gas on the inter-
face due to the appearance of waves, and it is given by (Liepmann & Roshko

1957) 0 = 2y M) ({1 — 3y~ 1) MP(20, + D2+ BF)]rr-0_1), (2.8)
with y the specific heat ratio of the gas. The parameters k£ and y are defined by
k="FKk;, bk =pg/T} x=p,Usk;/mpg,
where 7' is the surface tension and k. is the linear cut-off wave-number in the

absence of the gas motion.
The initial conditions are taken to be

7{(x,0) = ecosx, €= ak, (2.9)
7, 0) = 0. (2.10)

The problem posed by the system of equations (2.1)-(2.10) is essentially a
non-linear oscillation problem. Therefore, in order to determine an approximate
solution to this system for small but finite €, we use the method of multiple scales
(Nayfeh 1965, 1968) by introducing the time scales

To=t Ti=¢t, T,=c¢. (2.11)
Consequently, the time derivative is transformed according to
0 0 0 0
e et ot (2.12)

ot o, "ol o,
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Moreover, we assume expansions of the form

3
9z, t;6) = X ey, (x, Ty, Ty, Ty) + O(e?), (2.13)
n=1
3
<p(x, Z/, ta 6) = glencpn(x’ ya TO! Tl» T2) + 0(64)’ (214)
3
Oz, y,t;6) = Y 6D, (x,y, Ty, 71, Tp) + O(e?). (2.15)
n=1

Since (2.1), (2.3), and (2.4) are linear, each ¢, satisfies (2.1) and (2.3), while each
O, satisfies (2.4).

Substituting the above expansions into the remaining equations and equating
coefficients of like powers of ¢, we get

Order ¢:
20, 20
e ayz“l =0, (2.16)
any, 0
3—777%+i1_0 at g =0, (2.17)
0®,
% o 1-0 at y=0, (2.18)
F o 2d
- a‘;,l k2 5%-71110;(—(990—1:0 at y =0, (2.19)
71(2,0,0,0) = cosz, 5{7, 1(2,0,0,0) = 0. (2.20)
0
Order €2:
20, 20 oD, 20, oD, 20, _ oD, 20
0 "o 2 _ e 1 1,9 1
mt o tgp =M [(7 V% o D% a2 T2 % 8x8y]’ (2:21)

ony | Opy 0Py Oy P, 0y
My %P2 _ 1M _, 7% T -0
oty = e e Moyt er, M YT (2.22)

oy 0%y _ 01 8%y PO

e T - =L at y=0, (2.23)
iy 09y 190 miy 0D, _ (3<P1) 1 (3<P1 )
2T on T " G ox 2\ oz ay) T Moyer,

20 oD\ 2
HIRX s 5y, AR (3_:1;1)

a0\ @
2mkx( )+a_2’1 at y=0, (2.24)

9 2
s =0, a-%:-% at Ty=T,=1T,=0. (2.25)
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Order €3:
20, 2P 00, 0?0, 00, 0P
2 3,93 _ are [t 2, 9% 1 .
" {( +1)(6x | ox 83:2) r—1)

w2 T oy
(6(I> 20, 3(I>2 32(I>1) 49 o0, 20, 0D, 0*d,
ox oy s oy? oy oxdy Oy Oxdy

IS (P () 2 2] (2
2 ox oy ox® - oyt ox ) ox?
L0000, 00, (00,16,

ox oy oxdy \oy) o)’

(2.26)

oM Poy 1 200

ox " Moy 6y) G oy? —2'h oy®

azcP1 Ny Oy .
Ny B _6Tl—aT2 at y=0, (2.27)

o, oD, oD, o, (3@2 &0, )6771 P20, | PO,
P +h—%o 2y 2+ i3 oy

Ons G2, _ 2y 01, (09
oy, oy ox ox

ox dy  ox Ox

o M oy

20,

et st y=0, (2.28)
093 | 1,03 0Py Oy Opy 09y 09, Oy 0%,

Tt om T e YT G e o oy By M o Gwdy

09, 32‘?1 3 (3771 2%, %y P, )
Yy o~ W\ G) B T Mayer, t Yiapar T 1oy
3% 09, ey

+ o+ +mk 70, 3m 3q)+ iy g oo
tam T am, g ey T K Mgy T MR T g st i e o

00, 00, 30, 00 00, 00, 9D, oD
m 199, 00, 00, 9D, 0Dy
kx( o o T Mady ax)+mk (ay g Ty 6y)

2
lemkx[(a(D ) +a;;1 (aq> ) ] =0 at y=0, (2.29)

15 =0, Ong/oTy = —0om /0Ty~ 0n,[0T;, at To=T,=T,=0. (2.30)
Third-order solutions are given for travelling and standing waves in §§2.1 and
2.2, respectively. As in the non-linear Rayleigh-Taylor instability, these ex-
pansions are not valid at or near the cut-off wave-numbers. An expansion valid
near these cut-off wave-numbers is presented in §2.3. Moreover, the expansions
of §§2.1 and 2.2 have two singularities corresponding to the two-to-one and

three-to-one resonances. A second-order expansion is presented in §2.4 for
periodic travelling waves for the two-to-one resonance case.

2.1. Ezpansion for travelling waves
The solution of the first-order problem is

7, = cosd, (2.31)
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Q1= Hy (%}i—l-#sin 0, (2.32)

D, =mlemgin 0, (2.33)

where w3 = n(nk2—nyk—-1)/C,, C;'=tanhnh, (2.34)
O0=z+p T+ (T, T,), £(0,0)=0. (2.35)

The linear solution is obtained if f is taken to be a constant. The solution shows
that disturbances are stable or unstable, depending on whether u2 is positive
ornegative. The cut-off wave-numbers (wave-numbers corresponding to neutrally
stable disturbances) are given by u2 = 0; that is,

BP—yk—1=0 (2.36)
or k= 3x £ (x2+ 4)3]. (2.37)

Since the wave-numbers are positive, only the positive sign in (2.37) has a
physical significance. Equation (2.37) shows that the cut-off wave-number is
independent of the liquid depth as in the Rayleigh-Taylor instability. Dis-
turbances are stable if £ > k, and unstable if & < k..

If the body force is directed from the gas to the liquid, (2.37) is modified to

= 3lx £ (¥*— . (2.38)

Hence, there are two cut-off Wave-numbers, and disturbances are stable only
if their wave-numbers lie outside these two cut-off wave-numbers, otherwise,
they are unstable. For y < 2, the flow is stable for all wavelengths which is the
classical Kelvin-Helmholtz problem.

With the above solution, (2.22)-(2.25) become

00, 2D, M

o T o =—4(y+ l)me—mﬂsin%, (2.39)

2—;7,2+% = — u, O, sin 20 + ﬁlsmﬁ at y=0, (2.40)
11 2

%%2 36(1; =3 —:nm sin20 at y=0, (2.41)

7 0 F710)
o gt~ I iy 22 = 1O+ 43~ Ot~ 2y cos 20

7
+/L101—ﬁcos¢9 at y=0. (2.42)
oT,
In order to prevent secular terms from entering into the solution, 38/0T, = 0,
i.e. # = p(T3). Hence the solution of the second-order problem is

Ny = Qop(COS 20 — cos G,), (2.43)
cosh 2(y+ k)
sinh 2h °

M* dop — i
O, = [ L(y+1) 3y+ e~2m¥ sin 20—%6 2my sin 0, (2.45)

9 = FHHCT— 1) Ty + (#1539 8In 20 — § 115 25 810 O)) (2.44)



Non-linear Kelvin—Helmholiz instability 215
where O, = 22+ pu, Ty, (2.46)

2k M1
an = (33— 1~ 40,0)+ 21+ 30+ 1) || [2008 -, (24

boe = a5, — 30, (2.48)
114m? M
dgy = Gty T + sy + 1)@- (2.49)

The first- and second-order solutions determine the right-hand sides of (2.26)~
(2.29), and they become

,320, 8D,

P +—5y_2 = (p,+ qy) e~ sin 6+ NSPT, (2.50)
_8_77_34_.8&* — (p2+ﬂ') sin 8 + NSPT, (2.51)
ar, " oy
900, _
T o pg8in 6+ NSPT, (2.52)
P o2 0D, '
— N3 633 P 37723 mk 8x3 = (ps+kxps+p,C18') cos 6+ NSPT, (2.53)

where the p’s and ¢ are given in the appendix, NSPT stands for non-secular
producing terms, and p’ = df/dT,. The particular solution of the third-order
problem contains secular terms which make 94/5, unbounded as 7}, > co. To
determine the conditions which must be satisfied for there to be no secular terms,
we assume that the particular solution corresponding to these secular producing
terms is

73 =0, (2.54)
1 3 1 . .
O, = [sz (pl +- 1) +< qzy] —Smysin 6+ De ™ gin g, (2.55)
_ pcosh(y+h) .
s = B — 5 sin 0. (2.56)

This particular solution satisfies (2.1) and (2.50). Substituting this solution into
(2.51)—(2.53), and equating the coefficients of sin # and cos 8 on both sides, we get

E =p,+ 4, (2.57)
3P, 59 _
mD+ g T 3a e~ P (2.58)
1k ,
— G B - 3 ni( (Pl"'zl) —mhkxD = p,+kxps+p, 1 f'. (2.59)

Elimination of £ and D from these equations yields
B = [(OF+4C,C,~ 3) agy + 3C, — 203 Cp] 1y /4C, — 3K3(16C, 1y

1
ey (_ Byl pa_ps)/zﬂlol. (2.60)
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Therefore, the solution to second-order is

7 = €¢08 0+ €2 ayy(cos 20 — cos 0,) + O{€3), (2.61)
cosh (y+ k)

® = epysind sinh /

cosh 2(y + k)

+€? {iﬂ%(o% — 1) 8+ [, b5 €08 20 — § 115 @5 SIn 6, ] sinh 2%

}+0(63), (2.62)
D = em~1sin fe—mv
Mt dy] . a .
+62{[%—(‘}/+ l)$y+ﬁ]sm20—%6“2’"Usm02}6‘2””’+0(63), (2.63)

where 0 =x+ (1, +€28")t+ O(ed), (2.64)
O, = 2+ pigt + O(€?). (2.65)

If the effects of the external gas are negligible (i.e y = 0), the above solution
reduces to that of Nayfeh (1969). If, in addition, the body force, g, is directed
from the gas to the liquid and if the terms involving 4, are eliminated, the above
solution reduces to those of Barakat & Houston (1968) and Nayfeh (1970a).

Forreal y,, the above solution shows to second-order that an initially harmonic
disturbance travels with two wave speeds; one is amplitude dependent and the
other is amplitude independent as in the case of no external gas. However, the
external gas affects the linear as well as the non-linear contribution to the wave
speed. For imaginary x,, on the other hand, the gas/liquid interface grows without
limit, and no travelling wave solutions are possible. An expansion for standing
waves is presented in the next section.

Although the above solution is valid for a wide range of wave-numbers such
that u, is real, it breaks down as 4, = 0 or u, = 2u,. The case y, = 0 corresponds
to the cut-off wave-number, and in this case, §’ — oo as g, — 0. An expansion
valid near the cut-off wave-numbers is presented in §2.3. The case g, = 24,
corresponds to the motion of the first and second harmonic with the same linear
wave speed, and it is a special case of the triad resonance (Phillips 1960; Benney
1962; McGoldrick 1965; Simmons 1969). In this case, @y, — 00 as u, > 24,. An
expansion for periodic waves with u, ~ 24, is presented in §2.4.

2.2. Expansion for standing waves

In this case, the solution of the first-order problem is

7, = COS & COS X, (2.66)
. cosh (y+4)
@1 = 1S L COST sohh’ (2.67)
D, = m~1lcosasinze ™, (2.68)
where a = pu,Ty+ E(Ty, Ty).

Then, (2.21)-(2.24) become

2 2 4
236;122 6@;2 - "i %{E(v’+ 1) (1+ cos 20) sin 2w e, (2.69)
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Om; 000 _ _ %

o, oy =TT - 8in a cos z — $u, €, sin 2a cos 2z, (2.70)
ony, 00, 1 1 .
S T2 —)(1 2 71
i m+. (1 + cos 2et) sin 2, (2.71)
Oy 23 772 oD,
~T g,k MY

= /LlCla%g,—lcosacosx+%(l —CH) s+ (3 + C2) 4 cos 2

+{3[(C3+ 1) p} — 2mkx] + 3[(3 — OF) p2 — 2mky] cos 2a} cos 2z.  (2.72)

For there to be no secular terms in 7,, 8£/67} = 0, or £ = £(7}), and hence, the
solution of the second-order problem is

Ny = [§tg(c08 200 — €08 po T})) + @og(1 — cos py Tp))] cos 2z, (2.73)

¢z = — (1 - O To — 15(3+ CF) py sin 2
cosh 2(y + &)

+ [301b20 810 200 — F 15 @5 €O8 1, Ty cO8 220 snh %k’

(2.74)

1 M4 1
D, = [EW (y+1)(1+cos 2a)y+%(dzzcos%c-—aazcos,uzTo)

+7% (dag— g cos,uzTO)] gin 2xe~2my,  (2.75)
k M
where Bop = [2(1+C§)/L§+7§ (4+7—n§(‘y+ 1))]/802,u§, (2.76)
1 1 M4
Ay = a20+§(m+ﬁ)+32 —(y+1). (2.77)
Substituting the first- and second-order solutions into (2.26)-(2.29), we get
20, 20
2 3 3 — —3my :
5ty (P, +Qy)e 3 cosasin z + NSPT, (2.78)
%+a—% (Pp+ &) sinacosz+ NSPT, (2.79)
oTy, oy
o1, _ 2% = Pycosasinx + NSPT, (2.80)
or 0Oy

— 2273 kzzn;’ mkxaaq)a (Py+kx P+ p,Ci &) cos cos v+ NSPT,  (2.81)

where the P’s and @ are defined in the appendix and £’ = d§/dT,. The condition
which must be satisfied for there to be no secular terms is

¢ = [-R-mO R+ (3 B - P e, sy
The surface elevation to second-order is thus given by
7 = €c08 (4, +€%£')t cos x + €2
X {$99[C0S 2(pt; + €2€) t — COS prg ] + Ago(1 — cOS o)} cOs 2 + O(€3).  (2.83)
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If the effects of the external gas are neglected, this solution reduces to that
of Nayfeh (1969). For real u,; (2.83) represents oscillating standing waves with
an amplitude dependent frequency given by p,+€2£’ and an amplitude inde-
pendent frequency given by u,. If y, is imaginary, (2.83) represents growing
waves, and it is valid for short times only, because as time increases, the second
term dominates the first term. Although this expansion is valid for a wide range
of wave-numbers, it is singular at the cut-off wave-number (i.e. 4, ~ 0), and at
the second harmonic resonant wave-numbers (i.e g, ~ 24;) as in the travelling
wave case. An expansion valid near the cut-off wave-numbers is presented in
the next section.

2.3. Expansion valid near the cut-off wave-number

To determine an expansion valid near the cut-off wave-number, we let
k=rk,+etc with o=0(1). (2.84)

Then, (2.16)—(2.30) remain unchanged except k is replaced by k, and (2.29) is
modified by the addition of the term o(2k,[0%p,/622] + my[6®,/ox]). In this case,
we consider the variations with respect to the time scales 7, and 7j only so that
the solution of the first-order problem becomes

7, = 1u(Th) cosz, (2.85)
=0, (2.86)
D, = em™ 1y sinz e, (2.87)
711(0) = 1, 93,(0) =0, (2.88)

where primes denote differentiation with respect to the arguments.
Then, (2.21)—(2.24) become

20, 20, M
2 %'2—4-73/? = —%('}’4— ].) ﬁﬂ%ISIH 2ze 2ml/’ (2.89)
%+% = —7pcosz at y =0, (2.90)
0

oy o0, 114w
ox dy 2 m

7%,8in2zx at y=0, (2.91)

7 02 o0
= 6—%2)—— kﬁ—axlf—mkcx—af = —imk,yn3,cos2x at y=0. (2.92)
The solution of (2.1), (2.89)—(2.92) subject to the initial conditions (2.25) is
Ny = @oe(N3, €08 22— cos 0,), (2.93)
o, cosh(y+h) ., cosh2(y+h)
Pa = Y COST o = hllalyy SN0y — 50—, (2.94)
Mt d . a .
P, = [;1;(7 +1) X ﬁ] e~ gin 20 — ;2%—2— e~2m¥ gin 0,, (2.95)

where ay, and dy, are evaluated at k = £,.
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Substituting for the first- and second-order solutions into (2.26)-(2.28) and
the modified (2.29), we have

2D, 20 _
i T g = (Pt ay)rhe " sine + NSPT, (2.96)
%ﬁ—‘“ = 0+NSPT at y=0, (2.97)

oy 004 _
oy = py7}sinz+ NSPT at y =0, (2.98)

%3 4 &1 0Dy
173~8T0_kc O —me.x o
= [(BkZ+ k. xps) 1 — Cr1a + (2k,— ) 0 ] cosz + NSPT  at y = 0. (2.99)

In these equations, the p’s and g are evaluated at k = k,.

The particular solution of the third-order problem contains secular terms
which make 7,/7, unbounded as 7, —>oco. The condition which must be satisfied
for there to be no secular terms is

Cinix+ (2k,— x) o — T = 0, (2.100 )
1 1
WheI'e I'= %kﬁ+kcx [p3+_p5— I_G';nq—z—z%:l . (2.100 b)
With (2.88), (2.100a) has the integral
77’2 = (I'/20}) (1= 7%,) T - 7, (2.101)
where = (20/T) (2k,— ») — 1.

Different cases arise dependmg on the signs and magnitudes of T' and T, If
[' > 0, since 9;,(0) = 1, 7}, cannot exceed 1 if I'>1 and cannot decrease from
1ifT' < 1; otherwise, 7}, will be imaginary. Thus, if I'>1, 113 is bounded and
oscillates between 1and —1,and if ' < 1, 94, is unbounded The special case
=1 separates stable from unstable disturbances, and hence,

o = T)(2k,— x) (2.102a)
and k = k,+e2T)(2k, — x)+ O(€®) (2.102b)

is the cut-off wave-number to second order. Since I is independent of the liquid
depth, the cut-off wave-number is independent of the liquid depth as in the case
of no external gas. On the other hand, if I' < 0, (2.101) can be written as

m2 = —(D/20,) (1 —9%) (1 —T). (2.103)

In this case, 7}, is bounded and oscillates between 1 and Diflis positive, and
oscillates between 0 and 1 if " is negative. In all cases, the solution of (2.101)
and (2.103) is given by Jacobian elliptic functions.
In the absence of an external gas, y = 0, and %, = 1, and the cut-off wave-
number (2.102) becomes
k= 1+3€*+0(e%) (2.104)

in agreement with that obtained by Nayfeh (1969). This increase in the cut-off
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wave-number is due to the reduction of the surface tension force. The effect of
the non-linear motion of the gas on the stability is represented by the term
proportional to k,y. As M -1, this term is positive while as M — 0, this term
may be positive or negative depending on the value of y. Therefore, the non-
linear motion of the gas may be stabilizing or destabilizing depending on the
values of M and y in contrast with the non-linear motion of the liquid which
does not affect the stability to second order.

The second-order expansion for # which is valid in the region k —k, = O(e?) is

k 1 1.M4
7 = €7y;(et) cos x + €2 2kch 1 [EJrzm (v+ 1)] [731(€8) — cos pat] cos 22 + (()(63),
¢ 2.105)
(2kc—x)o-—F)% 1 r ]
where =cn|{—2— ) el; - |, 2.106
m = en| (P2 3@k, p)o—T (2.106)
16 T T T T T g
14 |- = P UL K. .
fg(l— M)*
X=100-0
12 .d
100
<
& 40
7 O30 7
=
g
$ X=2'5
g 08 -
3 1p=3
v
T o6k N
® 1-5
A
£
04 | 10 .
0-6
02 -
X=0-3
O ] 1 1 1 1 ]
0 10 2:0 30 4.0 50 60

Liquid depth (%)
Fieure 1. First critical wave-number, k,, as a function of the liquid depth, %, for different
pressure perturbations.

2.4. Periodic waves near second harmonic resonance

This case occurs when the body force is directed from the gas to the liquid only.
The wave-number k, for second harmonic resonance is the solution of u, = 2u,

or (4k%— 2ky + 1) tanh 2kk = (k2—ky+ 1) tanh k%, (2.107)
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where 4 is the dimensionless liquid depth with respect to %;. The solution of (2.107)
is shown in figure 1 as a function of hand . Ask ~ o0, k3 = }forall y. If y = 3/4/2,
k% = 3 forall k. For small £, k, = 1. We determine next an expansion for periodic
waves near &y, when u3 and pj are positive. This condition restricts the values of
to those less than 3/,/2.

We assume that k=Fky+ek (2.108)

with & = O(1). This assumption leaves (2.16)—(2.24) unchanged except for the
addition of the term

0Py o,
2k, k oy mkyx T
to the right-nand side of (2.24). The solution of the first-order problem is taken
to be 71, = cos 0+ b cos 20, (2.109)
. ,cosh(y+h . cosh2(y+h
<p1=,u,lsm(9#+,uxlbsm20~——s§1%{—), (2110)
@, = m1sinfe™ 4+ m~1b sin 20 e~2my, (2.111)
0 = 2+ p, Ty + fo(T)). (2.112)
Substituting this solution into (2.21)-(2.23), and the modified (2.24), we get
20, 920 Mt
m2 3x22+ 6y—22 =—3y+ I)W sin 20 e—2my

v+1
me

—Mz( 'y+3)bsinﬁe‘3’"”+NSPT, (2.113)

P %82 _ [ _ 100 (C,+205) b+ f]sin 0

a1, " oy
—[#,0,—2b8"]5in 20+ NSPT at y =0, (2.114)
12 201 (1 1) ngs g _
Gz By 2 m+— 8in 260+ §mbsin + NSPT at y =0, (2.115)
993 _ 12 90,
772—81’0_1‘;“‘1 G X gy

= [}(3—C%) p% — mkyy — 8K,k + 2kxb + 24, C,b"] cos 20
+ [3(8 —20,C,) 3 — 3oy xb — 2o+ Ky + 1y Oy p'] c08 60
+NSPT at y=0, (2.116)
where 4’ = df|dT,.
To determine the conditions which must be satisfied for there to be no secular

terms, we assume that the particular solution corresponding to the secular
producing terms in (2.113)—(2.116) is

7y =0, (2.117)
. .cosh(y+h ] cosh2(y+h
@2=A151n9 '—Si*n(}?{h—)-FAlenzB'sin—h(.%h“), (2118)

M _ 1M (y+1
(I)2= %(’)’4‘1)*—”??/8111206 zmy—gw( me

+y+3)bsin€e—3’"1’

+m D, sin 6 e™ + D, sin 20 e~2mv]. (2.119)
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This solution satisfies (2.1} and (2.113). Substituting this solution into (2.113)—
(2.116), and equating the coefficients of each harmonic on both sides, we get

Ay =—3u,(C;+2C)b+p, (2.120)

24, = — u,C, + 2b3", (2.121)
3ME(y+1 3

Dl—g—”—z(—-/’;z—z—‘—’)/'f'?’)b—fmb, (2122)
M 1 1

2D, 4+ 1) 2 = 4 (1) (2.123)

M2 1
—/‘1A1O1—k2XD1+%kZX— (yn—: ’)’+3)b
= §(3—20,C,) u2 — hmhyx — 2k + kg x + 1, f'C,,  (2.124)
— 24, A, Cy— 2k, x Dy = H(3— O2) u2 — Yk, x — 8kok + 2Ky ¥b + 20, bB'C,.  (2.125)
Elimination of 4,, and D,, from (2.120) to (2.125) yields

2
B = R,b+ k G X, (2.126)
1
4k —X3
bf' = By+ =+~ 2u.C, kb, (2.127)
1 M2
where 4, C R, = C3+4C,C,—3 -k x > m ( ) +2m] (2.128)
164,0, R, = C34 40, Cy— 3— by x| 3y + 1) 2L 4 2 2.129
1 = Ui+ - 2X| 3y +1) T ml (2.129)
The solution of (2.126) and (2.127) for b is
2 3
b= (gi (‘1’—6+RIR2) ) /Rl, (2.130)
where o is the detuning and given by
dhy—x 2ky— ) k
o= —2u,)/e = 2.131
(-2pm)fe = (X -TA) 2 (2131)
In dimensional quantities, the surface elevation to first approximation is given
by 7' = acosk'(z’ +ct’) +ba cos 2k’ (" + ct’) + O(a?), (2.132)

where the wave speed ¢ is given by

1 2 3
A e
1G1

This solution shows that for periodic waves, the amplitude of the second harmonic
is not arbitrary, but it is a function of the amplitude of the first harmonic, the
deviation from k,, the liquid depth, and the pressure perturbation exerted by the
gas on the liquid/gas interface.

In the absence of an external gas (i.e. ¥ = 0), the above solution reduces to
that of Barakat & Houston (1968), and to the first-order solution of Nayfeh
(1970a). As b — o0, these solutions reduce, in turn, to those of Pierson & Fife
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(1961) and Wilton (1915) with o = 0. These solutions predict double-dimpled
wave profiles. Schooley (1960) observed double-dimpled wave profiles by means
of enlarged pictures of short-fetch, wind-generated waves.

Subsequent to the submittal of this paper, Nayfeh (1970b) obtained a first-
order expansion at or near k, for the spatial as well as temporal variation of the
amplitudes and the phases of the fundamental and the second harmonic. The
results show that the above calculated periodic wave profiles are unstable for
certain gas flow conditions, and completely stable in the absence of the external
gas. This last expansion of Nayfeh generalizes those of Simons (1969) and
McGoldrick (1970) by including the effects of (1) the external gas, (2) near
resonance, and (3) liquid depth.

3. Case of viscous liquid and inviscid subsonic or supersonic gas

In this case, we investigate the effect of liquid viscosity on the stability of
an initially quiscent liquid layer adjacent to an inviscid subsonic or supersonic
gas. To describe the motion of the liquid, we introduce the characteristic velocity
uy = (ghy)t and time 7 = (k'u,)~1, where h, is the dimensional depth of the un-
disturbed liquid layer and %’ is a characteristic wave-number of the disturbance.
If primes denote dimensional quantities, we introduce the following dimension-

less quantities x=2k, y=ylhy h=h/lh,
u=ufu,, v=0vfua, a==~kh,

t="Vr, p=1[p"+9 —h)—pollpus,
where b’ is the depth of the disturbed liquid layer, p is the liquid pressure, and
» and v are the liquid velocities in the  and y directions, respectively. Here, the «
and y axes are in and normal to the solid surface rather than in the interface as
treated above.
In terms of these dimensionless quantities, the liquid motion is governed by

Uy +v, =0, (3.1)

Uy + Wy + VU, = — P+ (AB) T (aPu,, +u,,), (3.2)

v+ uv, +ov, = —a~ip, + (aR) 1 (atv,, +v,,), (3.3)

where R = ughg/v, (3.4)

with v the liquid kinematic viscosity. Equation (3.1) is satisfied if we introduce
the stream function y(z, y,t) defined by
U = E%: V= _¢x (3.5)
Eliminating p from (3.2) and (3.3), using (3.5), and rearranging, yield
¢yyyy =al th + lﬁy wa:yy - lbyw V) — 2‘1210221/1/
+ o*R Wut + 1% wa:zz - Eb:z: wa:zy) - “410.7:1:2::1:' (3-6)

Equation (3.6) is supplemented by five boundary conditions: two at the solid/
liquid interface and three at the gas/liquid interface. At the solid/liquid interface,
both components of velocity vanish; that is,

Val, 0,8) = 1%(70, 0,t) = 0. 3.7
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Since the gas/liquid interface moves with the liquid velocity,

ht+¢yhz+wz = O’ Y= h (38)

The balance of stresses at the gas/liquid interface gives
1101/1/ = dz(lﬁzz-l- h-’% 1101/1/ + 4’10.7:1/}!':):) - a4¢zzh§:’ ?/ = h: (39)

1 —oa2h? k?h
-1
—(h=1)— R 1‘”’“’1 T (1T a2h2 i Imkya1C,

20 h,
T W= )Tz =0 y=h (.10
where P = (aR)_l 1)”1/1/1/ - (lﬁyt + lﬁy Q)&zy - ’tlfyy ’tlf:z:) + aR-1 wzzy’ (3 1 1)

Tk'? T p, U2

B=——=at—, m=(|1-M2|)}, y=-"272 3.12
g pghi ( Db x m(pgT)} (3.12)

and C,, is the subsonic or supersonic pressure perturbation coefficient exerted by
the gas on the liquid/gas interface due to the appearance of waves and given
by (2.8).

The gas motion is represented by the potential function U[x+ ®(x,7,t)]/k’
where § = y'k’ and @ satisfies (2.2) and (2.4) with y replaced by §. The boundary
condition (2.6) becomes

oh,— Oy =—ah, O, at §F=alh-1). (3.13)

In § 3.1, an expansion is obtained for long waves and small but finite amplitudes.
This expansion is then specialized to the case of a sinusoidal initial disturbance
in §3.2.

3.1. Solution for long waves
An approximate solution for (2.2), (2.4), and (3.1)—(3.13) is sought for small «.
Thus, we assume that

o= ayry + oty ad + .., (3.14)
P =potap;+aPpy+..., (3.15)
O = a®, + 2Py + >, + ... (3.16)

Let us discuss the solution for @ first, in order to determine C,, and then de-
termine ¥y and p. Substituting (3.16) into (2.2), (2.4), and (3.13), we get
Order a:

mEDy,,+ Py = 0, (3.17)
®, >0 as §—>oo for m?>0, (3.18)
®,;=h, at §=0. (3.19)

Order o*:
Mgy + Pogy = MH(7+1) Prp Prpp + (7= 1) @, Py + 2055 D155, (3.20)
D,>0 as F—>co for m?>0, (3.21)
®yy = by Oy — Dy55(h—1) at 7= 0. (3.22)



Non-linear Kelvin—Helmholiz instability 225

We will not write down the problem for @g; it is sufficient to observe that @,
is a non-linear function of (% — 1) and its derivatives, and hence, it will not con-
tribute to the expansion to O[(h—1)3] = O(a?3), which we will obtain later. The
pressure coefficient is then

Cp = —20®;, — (2@, +m?®}, + ®2 )+ a® (non-linear terms). (3.23)

We now turn to 3 and p. Since (3.3) is linear, it is satisfied by each . Sub-
stituting (3.14) and (3.15) into (3.6)—(3.11) and (3.23), equating coefficients of
equal powers of « on both sides, and assuming R = 0(1), we obtain the following
equations.

Order o.: Vigyyw = 0, (3.24)
Yuy=0, y="h, (3.25)

+(h—1)+ k2, —mky @, =0, y=h (3.26a)

and Pow = (UB) Yy, (3.265)
Order a?: Voyuuy = By (3.27)
z/rzw =0, y=h, (3.28)

Py = —imkx[20,, +m?DF + B3], y=h, (3.29q)

and D1z = (1B) Yoy~ Vage- (3.290)
Order o®: Vsvww = BW oyt + V1o Vioww — Vipun Vi) = 2V 10mes (3.30)
Vayy = Viea + 2V 1y + W10y b, y = b, (3.31)

p2+ 2R_1(¢1a:y+¢1yy (] _%kzhg:hzm
+non-linear termsin ® =0, y=~5h, (3.32a)

Doy = R~1(¢3yuu + wlzzy) - wat - 71011/ wla:y + %W 1/’145- (3'32b)

The solution of the first-order problem is

¥y = ayy® + a9, (3.33)
where a, = 3Rh and ag =—3R{, (3.34)
with ¢ = b+ k?h,,p —mhy @, (3.35)

On using the above solution and solving the second-order problem, we get
Yo = —3B(D1oh + g b + a3 B%) y* + $BP 1, y° + Blf500 4 + 5505, 5°).  (3.36)
Then, the solution of the third-order problem is
Vs = Day® +byy® — PR + §B2) y* + 5 R0y + b6 R
— 530 R3C, y" + non-linear terms, (3.37)

where = 3R, R3¢, and b,=—%RE.. (3.38)

15 FLM 46
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So far, no restriction has been imposed on the magnitude of the disturbance.
In order to get an approximate solution to the liquid motion, the disturbance
amplitude is assumed to be small but finite. Thus, we assume that

k= 1+ey(z,t), (3.39)

where € is a small but finite dimensionless constant. Substituting the above
expressions for ¥, ¥y, ¥,, and & into (3.8), assuming that ¢ = O(«), and keeping
up to third-order quantities, we obtain the following equation:

N+ 3R, — 0 R+ 3P REop + €2 R(9E, + 81) + PRy (8, + 2817,
+to2e 1R mky % [2D,, +m20}, 4+ @}, ]+ O(e™a™) = 0, (3.40)
where m+n = 4 and $ =+ by, —mkye O, (3.41)

3.2. Linear case
In this case, we let € = 0 in (3.31) and obtain
N+ 3R, — F5a By + §aREypp + 0(af) = 0. (3.42)
We assume that 7 = exp (ix+ ) (3.43)

and substitute into (3.42), (3.17)~(3.19), and (3.41) to determine @, and p,.
When the gas flow is subsonic, that is, m2 > 0, the solution for @, is given as

D, = —i(e/m)em¥y, (3.44)
while 0, and { are given as
C, =—2a(e/m)y, §{=—i(k®—yxk—1)y, (3.45)
indicating that the pressure perturbation is in antiphase with wave amplitude.
In this case with the body force directed from the liquid to the gas, we obtain

fy = —3aR(E2 — yk— 1) {1 —2a2[1 — ZR2(k2— yk— 1)} + O(a?).  (3.46a)
If the body force is directed from the gas to the liquid, (3.46a) is modified to
read e JaR(R— x4 1) {1 — 201 — ZRAR — x4+ 1))+ O(cd).  (3.46B)

Equations (3.46) show that viscosity did not alter the cut-off wave-numbers
given by (2.36). As in the inviscid case, the cut-off wave-number is independent
of the liquid depth; however, decreasing the liquid depth decreases the amplifica-
tion rate. The Kelvin—-Helmholtz criterion for complete stabilization in (3.465),
ie. ¥ < 2, still holds in the very viscous case, since the second term inside the
braces is always much less than one.

When the gas flow is supersonic, that is, / > 1, the solution for @, is given as

D, = — (e/m) ey, (3.47)
C, = 2a(e/m)y,, &=—i(k2+ixk—1)7y, (3.48)

where only the right-running characteristics have meaning and the pressure
perturbation is in phase with the wave slope. In this case, we find

fir = — $aR(E2 ik — 1) {1 - 2031 — Rk 4 ixk — 1)} +O(ah).  (3.49)
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Thereal and imaginary parts of (3.49) for the case of the body force directed from
the liquid to the gas are

My = 3aR(k2—1){1 — 202[1 — Z R2(k%— 1)1} + Za3R3x%k2 + O(at), (3.50a)
My = —3aRxk{l —2a?[1 - ZR*(k?—1)]} ~ Za®R3vk(k2— 1)+ O(a?). (3.5008)

The cut-off wave-number from (3.41a) is given by
k, = 14+ 3a?R%y? +0(a?). (3.51)

In the inviscid case (Chang & Russell 1965), no cut-off wave-number exists with
the supersonic flow, regardless of the direction of the body force. An increase in
viscosity or Mach number decreases the cut-off wave-number, which is stabilizing.

For the case of the body force directed from the gas to the liquid, the growth
rate and oscillation frequency are

My = — SaR(k2+ 1) {1 — 2a*[1 — HR* (k> + 1)1} + S R3y2k2 4+ O(at), (3.52a)
s = — FaBh{1 — 821 — £, R + 1))}~ SRR+ 1)+ 0(e), (3.520)

and y,, < 0 for all %, indicating complete stabilization with large viscosity.

3.3. Non-linear case with subsonic external flow
By letting 4 = 7,(t) ¢+ 77,(t) e~ + e[ma(t) €22+ Ty(0) e=2%] + O(e?) (3.53)

in (3.40) and (3.41), using (3.17)—(3.22), and noting that the solution for @,
produces a higher harmonic such that neither ®, nor @, will contribute to the
last term in (3.40) for the solution of #,, so that (3.45) is still valid, we find that

dipy [t — 7y = — 2 R[(Th* = 3xk— 1) 7,75+ (K2 — ¥k — 1) 97,1+ O(€?),  (3.54)
dny/dt + 5aR(4k% — 2xk — 1) 9, = — 2aR(k2 — yk — 1) 93 + O(e), (3.55)
where g, is given by (3.46) and the body force is directed from the liquid to the

gas. To this order, the non-linear motion of the gas does not affect the motion of
the liquid. As a first approximation,

7y = c e teRE—xk-1¢ (3.56)
where ¢ is a constant. Then, from (3.55),

k2—xk—1

Ny = —3%—2_‘3——)(,0_177? (3.57)

Substituting for 7, from (3.57) into (3.54) gives
Ayt =~ JaR(k2 =y — 1) {1 — §a2[1 — H Rk — yk— 1)] — 663} my.  (3.58)

Equation (3.58) shows that the non-linearity did not alter the cut-off wave-
number, and it is still given by (2.836), whereas it is amplitude dependent in the
inviscid case. However, the rate of growth of unstable modes and the rate of
decay of stable modes decrease as amplitude increases. If y = 0, the problem
reduces to the non-linear Rayleigh-Taylor instability with large viscosity. If the
body force is directed from the gas to the liquid, the term (k% — yk — 1) is replaced
by (k2—xk+1).

15-2
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3.4. Non-linear case with supersonic external flow

Substituting (3.53) into (3.40) and (3.41) and noting that ®, does not contribute
to 7, so that (3.48) is still valid, we get

dipy[dt — pymy = — e2aR[(TR2+ 5ixk — 1) 195+ (K24 3ixk — 1) 737,14 O(e*),  (3.59)
dn,/dt + SaR(4k2 + 2ixk — 1) 9y = — 20R(k2+ixk— 1) 93+ O(e?),  (3.60)

where 4, is given by (3.49) and the body force is directed from the liquid to the
gas. As a first approximation,

§, = ¢ e-baRMEHixk—DL, (3.61)

. BP+iyk-1
Then, from (3.60), g =—3 T Biyh—1 7. (3.62)
Substituting for 7, from (3.62) into (3.59) gives

(Th2—1) (k2 —1)— 24x2k2 + 12¢(k2— 1) k
Th2+ 3iyk—1

d
dltl = N1+ 2

e*oB37;.  (3.63)

Letting 5, = a(t) ¢¥®, where a and 0 are real in (3.63) .and separating real and
imaginary parts, we get

% = —JoR{(k*—1)[1 -2a®+ Za?R2(k?— 1)] — Za2R%y%k?} a
(Th2— 1) [(Tk2— 1) (k2 — 1) — 24x2k?] — 35(k2 — 1) x2
b 203
+iaR {6 (k% Z 1P 5 022 €2ad. (3.64)
From (3.64), the cut-off wave-number is approximately given by
X n
k, =1+ {aR2y®— 48 o 46‘2&2 + O(a™e™), n+m = 3. (3.65)

Thus, in this case also, the non-linearity is stabilizing. However, the cut-off
wave-number is amplitude dependent in the supersonic case, while it is amplitude
independent in the subsonic case. When the body force is directed from the gas
to the liquid, the non-linearity does not change the linear result of complete
stabilization. For wave-numbers near the cut-off wave-number for y, > 0, say,
k—1 = O(ame®) for m+n = 2, disturbances do not grow indefinitely with time.
Infact, at a given wave-number, a steady-state amplitude can be calculated from
(3.65).

4, Concluding remarks

The results of §2 show that, for an inviscid liquid and a subsonic flow, the
cut-off wave-numbers are amplitude dependent, contrary to the linearized theory
of Chang & Russell (1965) and Willson & Chang (1967). The cut-off wave-numbers
are given by (2.102). The non-linear motion of the gas may increase or decrease
the cut-off wave-number while the non-linear motion of the liquid does not affect
this cut-off wave-number. Thus, the non-linear motion of the gas may be



Non-linear Kelvin—Helmholtz instability 229

stabilizing or destabilizing. If the body force (g) is directed from the liquid to
the gas, only one cut-off wave-number exists. Above this cut-off wave-number,
standing as well as travelling waves are stable and have amplitude-dependent
frequencies and wave velocities, respectively. If g is directed toward the liquid,
then, depending on the ratio of the pressure perturbation to g, there are either two
or no cut-off wave-numbers. In the former case, only disturbances with wave-
numbers between the two cut-off wave-numbers are unstable. In the latter case,
all disturbances are stable.

In the case with no cut-off wave-numbers, the expansions break down at a
denumerable set of critical wave-numbers as in the case of negligible external
gas effects (Pierson & Fife 1961; Barakat & Houston 1968; Nayfeh 1970a). An
expansion, valid near the first critical wave-number (corresponding to a wave-
length of 2-44 cm in deep water), is presented for periodic waves. It shows that
two possible wave profiles could exist at or near this critical wave-number. One
is gravity-like, with a wave velocity increasing with increasing amplitude; the
second is capillary-like with a wave velocity decreasing with increasing amplitude.
The analysis of Nayfeh (19705) shows that these wave profiles may be unstable
depending on the gas flow conditions.

It should be noted that travelling waves resemble standing waves near the
cut-off wave-numbers. Moreover, the non-linear travelling waves (2.16) cannot
be obtained by the superposition of the non-linear standing waves (2.27) as in
the linear case.

For liquid Reynolds number = O(1) and for a subsonic external flow, the
linear cut-off wave-number is independent of viscosity. The non-linear cut-off
wave-number is independent of the amplitude, in contrast with the inviscid
liquid case. Moreover, the non-linear motion of the gas has no effect, whereas
the non-linear motion of the liquid is stabilizing in the viscous case, and it is
destabilizing in the inviscid case.

If the external gas is supersonic, then the cut-off wave-number is amplitude
dependent. However, the cut-off wave-number decreases with increasing ampli-
tude and the growth rate of unstable disturbances decreases with increasing
amplitude. In fact, disturbances with wave-numbers near the cut-off wave-
number do not grow indefinitely with time, but achieve steady-state amplitude.

This work was supported by the United States Atomic Energy Commission.

Appendix

1.M¢ y+1
0= 5o =D (25 =y +3). A1)

M4

+1
P = —MZ[(%;—VH) oo+ 3(y +1) (2y=3)_5

+

Qo=

m2

(’v—l)_ﬂg_z(l 3)—3m423§2—1]. (A 2)

‘ m
Py = — §p01C s — p1 b9y Oy~ St (A-3)
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—(2m id+-1——l 1K 1%12 A4
Ps = m) 2T\, g | Bge — 4 — (Y + )mg—ﬁm- (A ¢)
Py = (1= C,Cy) #3bg — 5O 3 + K + Jan il (A'5)
M1 1M2/3
po=m| A+ 1) g~ b= =g i (41 | (a6)
Q=19 (A7)
d. +1 3 Ms
M4 1 6+ 9m?
—_ 83 (1) - — g~ T YR
Slr-1)7 (3+m2)+M . (as®)
By = §4,C1(@20 — £029) — 101 Cobyg — 35041 (A9)
a 1 d 1 3 M2
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